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1. Bounded extension of operators. 1. A separable case.
The isomorphic analogue of the class P1(X
f ) is the class P∼(Xf ), which con-
sists of all such spaces E <f X , whose isomorphic image in every space from X
f
admits a bounded projection.
This class essentially differs from P1(X
f) but has much common with J(Xf).
Below it will be shown that (in difference to the classical case P1(c
f
0 )) there are
such classes Xf that P∼(Xf ) = ∅ and such classes Y f that P∼(Y f ) 6= ∅ but
P1(X
f) * P∼(Xf ).
It is more natural to study the (formally more wide) class P∼(XF ), define
below.
Definition 1. Let X be a Banach space, XF be the corresponding class of
crudely finite equivalence. A space X0 is said to be boundedly universally comple-
mented in XF provided every space Z ∈ XF , which contains a subspace isometric
to X0, admits a bounded projection P : Z → X0.
Surely, this definition is equivalent to the formally stronger property of exis-
tence of a bounded projection P ′ : Z → iX0 where i : X0 → Z is an isomorphic
embedding.
Certainly, every finite-dimensional Banach space A generates the class AF ,
which consists of all finite-dimensional Banach spaces B of dimension dimB =
dimA = n.
Since for every finite-dimensional Banach space A and every space Y that
contains a subspace A there exists a projection P : Y → A of norm ‖P‖ ≤
√
dimA
(cf. [25]), all finite-dimensional Banach spaces are universally complemented in
each class XF , which is generated by an infinite-dimensional space X. So, such a
case will be eliminated as trivial.
A class of all infinite-dimensional Banach spaces, which are boundedly univer-
sally complemented in the class XF will be denoted by P∼(XF ).
Similarly to the classes A(Xf ), A0(Xf ) and E(Xf ) there may be defined their
isomorphic analogues – classes A∼(XF ), A∼0 (XF ) and E∼(XF ).
Definition 2. The class A∼(XF ) consists of those (infinitely-dimensional)
Banach spaces X0 that have the property:
• If Z ∈ XFand X0 →֒ Z then the annihilator (X0)⊥ →֒ Z∗ is a comple-
mented subspace of Z∗.
The class A∼0 (XF ) is given by A∼0 (XF ) = A∼(XF ) ∩XF .
Definition 3. Let Z ∈ B; W →֒ Z; λ < ∞. W is said to be a λ-reflecting
subspace of Z if for every finitely dimensional subspace A →֒ Z there exists an
isomorphic embedding u : A→W with ‖u‖∥∥u−1∥∥ ≤ λ, such that u |A∩Z= IdA∩Z .
Certainly if W is a λ-reflecting subspace of Z for all λ > 1 then W ≺u Z.
Definition 4. The class E∼(XF ) consists of those (infinitely-dimensional)
Banach spaces W that have the property:
• If Z ∈ XF and W is isomorphic to a subspace iW of Z then there exists
a such λ <∞ that the image iW is a λ-reflecting subspace of Z.
The following theorem is proved similarly to the isometric analogue. Here qd∼
denotes the class of all Banach spaces X that have a complement in the second
dual X∗∗ (under the canonical embedding kX : X → X∗∗).
1
2Theorem 1. P∼(XF ) = A∼(XF ) ∩ qd∼.
If Y ∈ A∼(XF ) then Y ∗∗ ∈ P∼(XF ).
If X is superreflexive then P∼(XF ) = A∼(XF ).
This theorem is of restricted interest.
Indeed, in difference with the isometric case, there no analogue to the non-
emptity of the class E∼(XF ) ⊆ A∼(XF ). Moreover, in some cases even the widest
class A∼0 (XF ) also may be empty.
Example 1. If 1 ≤ p < 2 then A∼0 ((lp)F ) = A∼((lp)F ) = ∅.
If 2 < p <∞ then A∼0 ((lp)F ) = ∅; A∼((lp)F ) = (l2)F .
Proof. Notice that every space Lp (1 ≤ p 6= 2 < ∞) contains an uncom-
plemented space, isomorphic to lp. Moreover, if 1 < p < 2 then Lp contains an
uncomplemented subspace isomorphic to l2 (certainly, this is obvious for p = 1). For
p > 2 this result follows from [26] as it was noted in [27], p. 145. For 1 ≤ p < 4/3
this is a consequence of one W. Rudin’s result [28]; on the whole interval (1, 2) it
was extended in [29]. At last, the existence in L1 of an uncomplemented subspace
isomorphic to l1 was shown by J. Bourgain [30].
If W ∈ A∼((lp)F ) then it is either Lp-space or L2-space (in the sense of [31])
and, hence, contains a complemented subspace that is isomorphic to lp (in the case
Lp; 1 ≤ p <∞). It is easy to see that the only possibility is: p > 2 and W ∈ (l2)F .
Indeed, in this case any space, which is isomorphic to the Hilbert space, has a
complement in every space of the class (lp)
F
that it contains, as it follows from
[32].
In any other case there exists an isomorphic embedding u of W in the space
Lp (µ) (for the suitable measure µ) such that the image uW has no complement in
Lp (µ). 
The result of M.I. Kadec and A. Pelczynski [32], mentioned above, was extended
by B. Maurey [33] to the wide class of Banach spaces of type 2.,
In [33] it was shown:
• If a Banach space X is of type 2 and W is its subspace, isomorphic to
the Hilbert space H , then there exists a projection P : X →W of norm
‖P‖ ≤ f (Tp (X)) d (W,H) ,
where the constant f (Tp (X)) depends only on Tp (X).
An obvious consequence of this result is the following.
Theorem 2. For any Banach space X of type 2 the class P∼(XF ) is non-
empty.
Proof. As it follows from the aforementioned B. Maurey’s theorem [33], the
following inclusion is fulfilled: (l2)
F ⊆ P∼(XF ). 
Notice that in the general (isometric) case classes A0(Xf ) and E(Xf ) are dif-
ferent. E.g., if X = lp and p 6= 2 then the unique separable space in the class
E((lp)f ) is the space Lp [0, 1]. However, spaces lp, lp ⊕p Lp [0, 1] and a sequence
of spaces {l(n)p ⊕p Lp [0, 1] : n < ∞} are pairwice non isometric and each of them
belongs to A0((lp)f ). Notice, also, that in this case A0((lp)f ) = A((lp)f ) for all
3p ∈ [1,∞] because of Lp contains an orthogonal complemented subspace l2 only if
p = 2..
Theorem 3. For every Banach space X classes E∼(XF ) and A∼(XF ) are
identical.
Proof. The inclusion E∼(XF ) ⊆ A∼(XF ) was noted before. To show the
converse recall the following result, due to J. Stern [9]:
• Let W , Z be a pair of Banach spaces; W →֒ Z. If W is an algebraic
subspace of Z then W is a λ-reflecting subspace of Z for some λ ≤ 24.
Let Z ∈ XF ; Y ∈ A∼(XF ). Without loss of generality it may be assumed that
Y ∈ qd∼ and Y →֒ Z. Hence, there exists such λ <∞ that there exists a projection
P : Z → Y , ‖P‖ ≤ λ.
Define on Z a new norm ‖·‖′ by taking as its unit ball the convex hull of the
union of λ−1B (Y ) and B (Z) (recall that B (X) denotes the unit ball of a Banach
space X):
B
(〈
Z, ‖·‖′〉) = conv{(λ−1B (Y )) ∪B (Z)}.
Clearly, ‖y‖′ = ‖y‖ for y ∈ Y ; ‖z‖′ ≤ λ ‖z‖ ≤ λ ‖z‖′ for z ∈ Z and there exists a
projection of norm one from Z ′ =
〈
Z, ‖·‖′〉 onto Y.
Hence Z ′ may be represented as a direct orthogonal sum Z ′ = Y ⊕W , where
W is C-finitely representable in Y for some C <∞.
Let W be represented as a direct limit of the direct systems (Wα)α∈A of all its
finite-dimensional subspaces: W = lim
→
Wα. Proceeding by induction on the directed
set A, chose a set (W ′α)α∈A so that it also forms an isometric direct system, spaces
Y ⊕W ′α are finitely representable in Y and d(Wα,W ′α) ≤ C′ for some C′ < ∞.
Then the space Z ′′ = lim
→
Y ⊕W ′α is finitely equivalent to Y , isomorphic to Z and
Y is an algebraic subspace of Z ′′. By the aforementioned Stern’s theorem, Y is
a λ-reflecting subspace of Z ′′. Using the inverse isomorphisms we see that Y is
λ′-reflecting subspace of Z. Since Y ∈ A∼(XF ) and Z ∈ XF are arbitrary, this
yields that A∼(XF ) ⊆ E∼(XF ). 
Now it will be shown that the class P∼(XF ) may be non-empty for a wide
class of Banach spaces that are not of type 2. It will be needed the following result.
Theorem 4. Let a superreflexive class Xf contains a separable space EX of
almost universal disposition (with respect to M(Xf)). Let Z1 and Z2 be isomorphic
subspaces of EX of equal codimension (in EX); u : Z1 → Z2 be the corresponding
isomorphism. Then there exists an isomorphic automorphism u˜ : EX → EX ,
which restriction to Z1 is equal to u.
Proof. Let Z1 and Z2 be subspaces of EX of equal codimension in EX , i.e.
codim (Z1) = dim(EX/Z1) = dim(EX/Z2) = codim (Z2) .
If codim (Z1) < ∞ then assertions of the theorem are satisfied independently
of a property of EX to be a space of almost universal disposition. Indeed, for an
arbitrary Banach space X any its subspaces of equal codimension, say, Y and Z,
are isomorphic and each of them has a complement in X . So, X may be represented
both as a direct sum X = Y ⊕A and as X = Z⊕B, where dim(A) = dim(B) <∞.
Let v : A→ B and u : Y → Z be isomorphisms. Clearly, v ⊕ u : X → X is an
automorphism of X , which extends u.
4Assume that Z1 and Z2 are isomorphic subspaces of EX of infinite codimension.
Let u : Z1 → Z2 be the corresponding isomorphism.
Let Z1 be represented as a direct limit (= as the closure of union) of a chain
Z ′1 →֒ Z ′2 →֒ ... →֒ Z ′n →֒ ... →֒ Z1;
namely, Z1 = ∪{Z ′n : n < ω} and ∪Z ′n be dense in Z1. Clearly,
uZ ′1 →֒ uZ ′2 →֒ .. →֒ uZ ′n →֒ ... →֒ uZ1 = Z2
and the union ∪uZ ′n is dense in Z2.
Let (en)n<ω be a sequence of linearly independent elements of EX of norm one,
which linear span is dense in EX .
Denote the restriction u |Z′n by un and define by induction two sequences (fn)
and (gn) of elements of EX and a sequence (vn) of isomorphisms.
Let f1 be an element of (en)n<ω with the minimal number, which does not
belong to Z ′1.
Put W1 = span (Z
′
1 ∪ {f1}) (recall that span(A) denotes the closure of the
linear span of A).
Let ε > 0 and v1 :W1 → EX be an extension of u1 such that
‖v1‖
∥∥v−11 ∥∥ ≤ (1 + ε) ‖u1‖ ∥∥u−11 ∥∥ .
Put g1 = v1 ◦ f1; U1 = v1W1.
Let g2 be an element of (en)n<ω with the minimal number, which does not
belong to span (uZ ′1 ∪ U1).
Let U2 = span (uZ
′
1 ∪ U1 ∪ {g2}).
Since EX is a space of almost universal disposition, there exists an isomorphism
(v2)
−1
which extends both (u2)
−1
and (v1)
−1
and satisfies the inequality
‖v2‖
∥∥v−12 ∥∥ ≤ (1 + ε2)max{‖u2‖ ∥∥u−12 ∥∥ ; ‖v1‖∥∥v−11 ∥∥}.
Let f2 = (v2)
−1 ◦ g2. This close the first step of the induction.
Assume that {f1, f2, ..., fn}; {g1, g2, ..., gn}; {v1, v2, ..., vn}; {U1, U2, ..., Un} and
{W1,W2, ...,Wn} are already chosen. If n is odd, we choose sequentially:
fn+1to be an element of (en)n<ω with the minimal number, which does not
belongs to Z ′n+1;
Wn+1 = span
(
Z ′n+1 ∪ {fn+1}
)
;
vn+1 :Wn+1 → EX be an extension of un+1 such that
‖vn+1‖
∥∥v−1n+1∥∥ ≤ (1 + εn+1) ‖un+1‖ ∥∥u−1n+1∥∥ ;
gn+1 = vn+1 ◦ fn+1; Un+1 = vn+1Wn+1.
If n is even, we choose sequentially:
gn+1 to be an element of (en)n<ω with the minimal number, which does not
belong to span (uZ ′n ∪ Un);
Un+1 = span (uZ
′
n ∪ Un ∪ {gn+1});
(vn+1)
−1, which extends both (un+1)
−1 and (vn)
−1 and satisfies
‖vn+1‖
∥∥v−1n+1∥∥ ≤ (1 + ε2)max{‖un+1‖∥∥u−1n+1∥∥ ; ‖vn‖∥∥v−1n ∥∥};
fn+1 = (vn+1)
−1 ◦ gn+1.
Since EX is superreflexive, a sequence of isomorphisms (vn) converges to an
automorphism V : EX → EX , which satisfies
‖V ‖
∥∥V −1∥∥ ≤∏∞
n=1
(1 + εn) ‖u‖
∥∥u−1∥∥ .
5
Theorem 5. Let Xf be a superreflexive class that contains a separable space
EX of almost universal disposition Then EX ∈ E∼(XF ) = P∼(XF ).
Proof. Let Z ∈ XF ; j : EX → Z be an isomorphic embedding. Without
loss of generality it may be assumed that Z is separable (if Z is non separable, it
has a separable complemented subspace Z0, which contains jEX). Also, it may be
assumed that there exists an isometric embedding k : Z → EX (since EX ∈ E(Xf )).
Hence, the composition k ◦ j is an isomorphic embedding of EX into EX .
It may be assumed without the loss of generality that there exists an isometric
embedding w of EX into EX .
There exists a bounded projection P : EX → wEX . According to the previous
theorem, there exists an automorphism v : EX → EX , which sends jEX to wEX .
Clearly, this implies that there exists a bounded projection from Z onto jEX . Since
Z is arbitrary, EX ∈ P∼(XF ). 
Analogously to P∼(XF ) it may be defined the class J∼(XF ).
Definition 5. Let X be a Banach space and E <F X. E belongs to the class
J∼(XF ) provided for any pair Y0 →֒ Y where Y <F X every operator u : Y0 → Y
has a bounded extension u˜ : Y → E.
Theorem 6. Let Xf be superreflexive and contains a separable space EX of
almost universal disposition. Let W be isomorphic to EX . Then W ∈ J∼(XF ).
Proof. Let W be isomorphic to EX ; u : EX → W be the corresponding
isomorphism. Let v :W → EX be the isomorphic embedding.
Let Y0 →֒ Y ; Y <F EX and Y be separable. Let i : Y0 → Y be an operator.
Then
v ◦ i : Yo → vW →֒ EX
and this mapping may be extended to the operator V : Y → EX of the same norm.
Put A = V Y ∩ vW .
Since EX is a space of almost universal disposition, there exists a subspace
W0 →֒ EX of infinite codimension such that A →֒ W0 and W0 ∈ E((EX)F ). Hence,
there exists an automorphism U : EX → EX such that UW0 = W . Certainly, this
isomorphism may be chosen to fix (v ◦ i)Yo →֒ EX .
Clearly, U ◦ V extends v ◦ i and, hence, v−1 ◦ U ◦ V extends i. 
Corollary 1. Let Xf be a superreflexive class that contains a separable space
EX of almost universal disposition. Let W be isomorphic to EX . Then W ∈
P∼(XF ).
Proof. As it was shown before, condition onXf implies thatP(Xf ) = J(Xf).
Hence, by the previous theorem, W ∈ J∼(XF ). Let Z ∈ XF and W →֒ Z. Then
this identical embedding may be extended to the operator P : Z → Z such that
P |W= IdW . Clearly, P is a projection. 
2. Bounded extension of operators. 2. A non-separable case.
Because of every class of crudely finite equivalence XF , which contains a
quotient-closed divisible class Y f , contains also its Gurarii compression Γ(Xf),
and, as it was shown before, every superreflexive class of kind Γ(Xf) contains a
6separable space of almost universal disposition EX with respect to M(Γ(X
f )), it
follows that for every quotient-closed superreflexive divisible class Xf both classes
P∼(XF ) and J∼(XF ) are equal and non-empty. However, it was proved the ex-
istence of only one member of these classes, namely - EX . The existence of other
spaces without assuming set theoretical hypothesis is doubtful.
Here it will be considered a non-separable case and it will be shown that un-
der certain set-theoretical assumptions (e.g., under assumption of existence an in-
accessible cardinal) classes P∼(XF ) and J∼(XF ) are confinal with XF and are
non-empty in the superreflexive case.
Recall some definitions on cardinal numbers.
Ordinals will be denoted by small Greece letters α, β, γ. Cardinals are identified
with the least ordinals of given cardinality and are denoted by ι, τ,κ (may be, with
indices). As usual, ω and ω1 denote respectively the first infinite and the first
uncountable cardinals (= ordinals).
A set of elements (of arbitrary nature) {aα : α < κ} will be called the κ-
sequence.
For a cardinal τ its predecessor (i.e., the least cardinal κ, which is strongly
greater then τ) is denoted by τ+.
The confinality of τ, cf(τ) is the least cardinality of a set A ⊂ τ such that
τ = supA.
Let A, B be sets. The symbol BA denotes the set of all functions from B to A.
In a general case, the cardinality of the set BA is denoted either by card(A)card(B)
or by κτ , if card(A) = κ; card(B) = τ .
The symbol exp(τ) (or, equivalently, 2τ ) denotes the cardinality of the set
Pow (τ) of all subsets of τ .
A cardinal τ is said to be regular (resp., singular) if its confinality cf (τ) = τ
(resp., if cf (τ) < τ ).
A cardinal ι is said to be inaccessible provided it is regular and exp(κ) ≤ ι for
every κ < ι.
The continuum hypothesis (CH) is the assumption
ω+
def
= ω1 = exp (ω) .
The general continuum hypothesis (GCH) is the assumption
τ+ = exp (τ) for every infinite cardinal τ.
Let τ be a cardinal. Put
κ∗ =
∑
{exp (τ) : τ < κ}
It is known that there are arbitrary large cardinals κ having the property
κ = κ∗.
In other words, a class of all cardinals with the property κ = κ∗ is confinal with
the class of all cardinals. However, there known such models of the set theory, in
which every cardinal κ with the property κ = κ∗ is singular.
From the other hand, in assuming the general continuum hypothesis (GCH)
every regular cardinal κ has the property κ = κ∗. Certainly, any inaccessible
cardinal ι is regular and enjoys the property ι = ι∗.
7Recall that the existence of an inaccessible cardinal (as well as the CH or the
GCH) cannot be proved in ZFC.
In what follows it will be assumed that there exists a regular cardinal
κ with the property κ = κ∗. Every such cardinal will be called the star-
cardinal.
Recall that a Banach space X is said to be an envelope (of the class Xf) if
every Banach space Y , which is finitely representable in X and is of dimension
dimY ≤ dimX is isometric to a subspace of X . In [34] it was shown that for
every cardinal κ with the property κ = κ∗ (it does not matter regular or singular)
every class Xf of finite equivalence (generated by an infinite-dimensional space X)
contains an envelope of this class of dimension κ.
It will be convenient to introduce one more definition.
Definition 6. A Banach space X is said to be f -saturated if X is a space of
almost universal disposition with respect to a class (X<f )dimX of all Banach spaces
that are finitely representable in X and whose dimension is strictly less then dimX;
(X<f )dimX = {Y <f X : dim Y < dimX}.
Theorem 7. Let Xf enjoys the isomorphic amalgamation property. Then for
every star-cardinal κ the class Xf contains an f -saturated space Eκ ∈ Xf of
dimension κ.
Proof. Let F be an envelope of Xf of dimension κ. Let (fi)i<κ be dense in
the unit sphere of F .
For every A ⊂ κ of cardinality cardA < κ put FA = span{fi : i ∈ A}. Surely,
there are just κ different spaces of kind FA.
For A, B ⊂ κ, max{cardA, cardB} < κ let uA,B : FA → FB be an isomorphic
embedding (if it exists). The set of all such embeddings is of cardinality τ ≤ κ.
Let ε < 1; n ∈ N; iA,n : FA → F be an isomorphic embedding of norm
‖iA,n‖
∥∥∥i−1A,n
∥∥∥ ≤ 1 + εn. The set of all such embeddings is of cardinality that does
not exceed κ as well.
So, the set T of all V -formations of kind t = 〈FA, F, FB , iA,n, uA,B〉 may be
indexed by elements of κ. Let T = {tα : α < κ}.
Construct by induction an κ-sequence of spaces (E′α)α<κ as a chain
E′0 →֒ E′1 →֒ ...E′α →֒ ....
Put E′0 = F . If α = β + 1 then as E
′
α it will be chosen an amalgam of the
V -formation
〈
FA, E
′
β , FB, vA,n, uA,B
〉
, where 〈FA, F, FB , iA,n, uA,B〉 is just tβ in
our indexation and vA,n = j ◦ iA,n, where j : F → E′β is a natural embedding.
If α is a limit ordinal (i.e. α has no representation α = β + 1 for any β) put
E′α = span{E′β : β < α}.
Put E(1) = span{E′α : α < κ}.
Now we repeat this inductive procedure κ times starting at the γ-th step with
E(γ). Sequentially there will be obtained E(1) →֒ E(2) →֒ ....
Put Eκ = span{E(γ) : γ < κ}.
Certainly, dimEκ = κ. To show that Eκ is f -saturated chose a pair G, H of
subspaces of Eκ , dimG ≤ dimH < κ and an isomorphic embedding u : G → H .
Since F is an envelope, G and H almost isometric to corresponding subspaces of F
(say, FG and FH). Let i : G→ Eκ be an isomorphic embedding, ε > 0 be fixed.
8Since κ is regular, there exists such γ < κ that iis (1 + ε)-embedding of G
into E(γ) and, hence, it may be extended to the embedding u˜ of B into E(γ) with
‖u˜‖∥∥u˜−1∥∥ ≤ (1 + ε) ‖u‖∥∥u−1∥∥.
Since G, H and u : G→ H are arbitrary, this shown that Eκ is f -saturated. 
According to [35] a Banach space X is said to be subspace-homogeneous if for
every pair A, B of its isomorphic subspaces of equal (finite or infinite codimension)
the isomorphism v : A → B may be extended to an isomorphical automorphism v˜
of X (i.e., v˜ |A= v). Using this terminology it may be said that the theorem 33
proves that every superreflexive separable space E of almost universal disposition
(with respect to M(Ef )) is subspace-homogeneous. This theorem, that was proved
firstly in the author’s preprint [36], solves the problem of [35] on existence subspace-
homogeneous Banach spaces that are differ from l2 and c0.
The preceding theorem makes possible to prove the existence of non-separable
subspace-homogeneous spaces (in assumption on existence of star-cardinals). The
question on existence of non-separable subspace-homogeneous spaces also was posed
in [35].
Corollary 2. Let Eκ be a dual f -saturated space of the class X
f (this means
that Eκ = W
∗ for some W ∈ B). Then Eκ is subspace-homogeneous.
In particular, Eκ ∈ P∼(XF ) (= J∼(XF ))
Proof. The proof literally repeats the proof of theorems 33 and 34 with ob-
vious changes: in the present proof the transfinite induction is used.. At the last
step of the proof is used the w∗-compactness of the unit ball of Eκ . 
Theorem 8. Let E be f -saturated and dual (i.e., E = W ∗ for some W ∈ B;
in particular, E may be separable); F be a complemented subspace of E. Then
F ∈ P∼(XF ) (= J∼(XF )).
Proof. Let A, B be isomorphic subspaces of E; A →֒ F →֒ E; B →֒ F →֒ E,
which are of equal (finite or infinite) codimension in F . Let u : A → B be the
corresponding isomorphism. Let U : E → E be an authomorphism of E that
extends u; Ua = ua for all a ∈ A.
Let P : E → F be a projection. Certainly, UF →֒ E is also a complemented
subspace of E. Let Q : E → UF be the corresponding projection
So, F ∩ UF is also a complemented subspace of E, which contains B. Clearly,
F ∩UF is a complemented subspace of both F and UF . Let F ′ be its complement
in F (resp., let F ′′ be its complement in UF ). Clearly, F ′ and F ′′ are isomorphic.
Let v : F ′ → F ′′ be the corresponding isomorphism; id be identical on F ∩ UF .
Then the operator v ◦ id ◦ U |F isan automorphism of F , which restriction to A is
equal to u. 
Remark 1. In [36] it was shown that if E is subspace-homogeneous and its
lp-spectrum S(E) contains a point p 6= 2 then E and E ⊕ E are non-isomorphic.
So, from the preceding theorem it follows that there exists a pair of non-isomorphic
separable spaces of P∼(XF ) (= J∼(XF )) when E satisfies the mentioned condi-
tions.
Corollary 3. In assumption the GCH every superreflexive quotient-closed
divisible class Xf contains spaces from P∼(XF ) (and, thus, from J∼(XF )) of ar-
bitrary large cardinality.
9The same is true if we assume the existence of inaccesible cardinals.
Now it will be shown that the condition of regularity of κ cannot be omitted,
at least, in the case when the class Xf is not super-stable in the sense of [37-38].
Recall the definition.
Definition 7. ([37]). A Banach space X is said to be stable provided for any
two sequences (xn) and (ym) of its elements and every pair of ultrafilter D, E over
N
lim
D(n)
lim
E(m)
‖xn + ym‖ = lim
E(m)
lim
D(n)
‖xn + ym‖ .
The notations D(n) and E(m) are used here (instead of D and E) to underline
the variable (n or m respectively) in expressions like limD(n) f(n,m).
Definition 8. ([38]). A Banach space X is said to be superstable if every its
ultrapower (X)D is stable.
Let X be a Banach space.
A sequence {xn : n <∞} of elements of X is said to be
• Spreading, if for any n <∞, any ε > 0, any scalars {ak : k < n} and any
choosing of i0 < i1 < ... < in−1 < ...; j0 < j1 < ... < jn−1 < ... of natural
numbers ∥∥∥∑
k<n
akxik
∥∥∥ = ∥∥∥∑
k<n
akxjk
∥∥∥ .
• Symmetric, if for any n < ω, any finite subset I ⊂ N of cardinality n, any
rearrangement ς of elements of I and any scalars {ai : i ∈ I},∥∥∥∑
i∈I
aizi
∥∥∥ = ∥∥∥∑
i∈I
aς(i)zi
∥∥∥ .
Definition 9. Let X be a Banach space. Its IS-spectrum IS(X) is a set of
all (separable) spaces 〈Y, (yi)〉 with a spreading basis (yi) which are finitely repre-
sentable in X.
Theorem 9. A class Xf is superstable if and only if every member 〈Y, (yi)〉 of
its IS-spectrum has a symmetric basis.
Proof. The first part of the theorem was proved in [37].
Conversely, let every 〈Z, (zi)〉 has a symmetric basis. Suppose that X is not
superstable. Then there exists a space from Xf which is not stable (it may be
assumed that X is not stable itself). By [37] there are such sequences (xn) and
(ym) of elements of X that
sup
m<n
‖xn + ym‖ > inf
m>n
‖xn + ym‖ .
Let D be a countably incomplete ultrafilter over N. Put
X0
def
= X ; Xn
def
= (Xn−1)D ; n = 1, 2, ...; X∞ = ∪n≥1Xn.
Here is assumed that Xn is a subspace of Xn+1 = (Xn)D under the canonical
embedding dXn : Xn → (Xn)D.
Let D, E be ultrafilters over N. Their product D × E is a set of all subsets A
of N× N that are given by
{j ∈ N : {i ∈ N : (i, j) ∈ A} ∈ D} ∈ E.
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Certainly, D × E is an ultrafilter and for every Banach space Z the ultrapower
(Z)D×E may be in a natural way identified with ((Z)D)E .
So, the sequence (xn) ⊂ X defines elements
x1 = (xn)D ∈ (X)D ;
x2 = (xn)D×D ∈ ((X)D)D ;
... ... ... ... ... ...
xk = (xn)D ×D × ...×D︸ ︷︷ ︸
k times
∈ (((X)D)D ...)D︸ ︷︷ ︸;
k times
... ... ... ... ... ...
Notice that xk ∈ Xk\Xk−1. It is easy to verify that (xk)k<∞ ⊂ X∞ is a
spreading sequence. Since X∞ ∈ Xf , it is symmetric. Moreover, for any z ∈ X ,
where X is regarded as a subspace of X∞ under the direct limit of compositions
dXn ◦ dXn−1 ◦ ... ◦ dX0 : X → Xn,
the following equality is satisfied: for any pair m, n ∈ N
‖xn + z‖ = ‖xm + z‖ .
Since (xn) and z are arbitrary elements of X , this contradicts with the inequality
supm<n ‖xn + ym‖ > infm>n ‖xn + ym‖. 
Theorem 10. Let E be an envelope of the class Ef , which is not super-stable.
Let dimE = κ and κ is singular. Then E is not f -saturated.
Proof. Since Ef is not super-stable, there exists a space 〈W, (wn)〉 with a
spreading basis, which is not symmetric one. Consider a vector space c00 (κ) of all
κ-sequences of reals all but finitely many members of which are vanished.
Let eα = (δαβ)β<κ ∈ c00 (κ) (α < κ), where δαβ be the generalized Kronecker
symbol; δαβ = 0 when α 6= β; δαβ = 1 when α = β.
Every element x ∈ c00 (κ) is of kind xA =
∑{xαeα : α ∈ A}, where A ⊂ κ is
finite.
Let A = {α0, α1, ..., αm} and α0 < α1 < ... < αm. Define on c00 (κ) a norm,
which is given by
‖xA‖ =
∥∥∥∑m
i=0
xαiwi
∥∥∥
W
.
Let W (κ) be a completition of c00 (κ) under this norm.
Surely, W (κ) has a spreading, non symmetric basis, is finitely representable in
Eκ and is isometric to a subspace of Eκ (since dimW (κ) = κ = dimEκ and Eκ is
an envelope).
Since κ is singular, cf(κ) = τ < κ. Let (κγ)γ<τ be an increasing τ -sequence
of cardinals (that are less then κ), such that sup{κγ : γ < τ}
Consider two subspaces of W (κ), say W1(τ) and W2(τ).
W1(τ) is spaned by the first τ elements of eα;
W1(τ) = span{eα : α < τ}.
W2(τ) is spanned by those eα’s, whose indices belong to the set (κγ)γ<τ ;
W1(τ) = span{eτβ : β < τ}.
Surely, W1(τ) and W2(τ) are isometric, but no automorphism u : E → E sends
W1(τ) to W2(τ). 
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